Definition 1. A compact finite-dimensional space S will be called an (n, p)-sphere (n _ 1) if (1) S has the same homology groups, coefficients mod p, as an n-sphere; (2) no proper subset of S satisfies (1). A (0, p)-sphere is a pair of points; the empty set is a (-1, p)-sphere. It can be shown that the dimension of a locally euclidean (n, p)-sphere is n.
Let G be a topological group, and let n, p be non-negative integers. If for every (n, p)-sphere S and realization (G, S), a(G, S) is an (m, p)-sphere (-1 _ m _< n), we shall say that proposition [G, n, p] is true. If every realization (G, En) (E. = euclidean n-space) admits at least one stationary point, we say that proposition [G, n] is true.
I. Proposition [G, n, p] holds for prime p and arbitrary n if G is a finite abelion group whose order is a power of p.
If G is cyclic, I follows from known theorems concerning periodic trans- formations.1 Starting with this, the proof of I is similar to that of II. Proposition [G, n, p] holds for prime p, arbitrary n and connected compact abelian Lie group G. Proof. Let Ia or I(a) denote the fixed-point set of a-that is, of the transformation x -a* ax (a E G, x e S). The subgroup G( = I a}of elements of G whose orders are powers of p is everywhere dense in G. By I, Ia is an (h, p)-sphere, h = h(a). Since h = n would imply Ia = S which, if true for every a, implies o(G, S) = S, we may suppose that for some a, h is smaller than n. Since G is abelian, a Ia = Ia for every a e G. Thus there is induced in Ia a realization (G, Ia) and evidently a(G, S) = u(G, Ia) The theorem now follows by induction on n.
III. Proposition [G, n] holdsfor arbitrary n and compact connected abelian Lie group G.
For, on adjoining a point P. to En, we obtain a realization (G, S) where S is an ordinary n-sphere. Since P. is stationary, a(G, S) is non-empty, hence contains at least two points. Hence a(G, E.) contains at least one point. VOL. 28, 1942 
ak induces a transformation in the set Q = fl-1 I(ak ai), which is a sphere by normality and the hypothesis of induction. The fixed-point sphere is I(ak) n Q which, one can easily see, is precisely I. The theorem now follows readily from the fact that of = n Ia, a e G. Definition 3. The locally euclidean case is that in which the space under transformation is locally euclidean. If in addition the functions defining (G, S) are analytic relative to families of analytically connected local coordinate systems in G and S, we call (G, S) analytic. In a suitable x,-co6rdinate system in D6, the infinitesimal elements corresponding to the A, are given by4 The fixed-point sets in S5 are analytic loci. The sets I(ac) are 3-dimensional in the neighborhood of t and being fixed-point sets of transformations of period 2, they are (3, 2)-spheres and locally euclidean 3-dimensional throughout. Since al * I(a2) = I(ala2al) = I(a3ai) = I(a2) and since the fixed-point set of the transformation that as thus induces in I(aJ), i =£ j, is I(ai) n I(aj), it follows that this last set, which is 2-dimensional in the neighborhood of t, is a (2, 2)-sphere and locally euclidean 2-dimensional throughout, hence is homeomorphic to an ordinary sphere. The relations I(ai) n I(CY,) C I(aiai) = I(ak) (i, j, k distinct) imply that the three spheres I(ai) nl (aj) are identical. Let them be denoted by ,u. The sets I(a,) are analytic (1, 2)-spheres, hence simple closed curves. Since a, * I(a2) = I(ala2al) = I(a2-') = I(a2), a, either leaves 1(a2) pointwise fixed or induces in it a transformation of period 2. It is easy to show that only the first alternative can hold; hence I(ai) C ,u. Now by (ii), I(al) and I(a2) intersect with distinct tangents at t. Since ,u is a sphere, there must be at least a second point i' of intersection. Since {' is stationary under the group generated by the elements a, and the elements a2, and since that group is R3, we conclude that a contains at least two points. Consider the element Tdefined above. Evidently T permutes the sets I(aj) cyclically, as well as the sets I(ai). We conclude first that r -,u = ,u and secondly that T is not the identity over ;i. Hence r is of period 3 over u and admits exactly 2 fixed points in ,u. Hence af contains at most two points in ,u. But u-c I (as) n I (a2) = ,U. Hence a = { I , t'} = a (0, 2)-sphere.
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These equations are not rectilinear. The moment of order p in T and q in t for (2) about the origin iS2
